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1 Introduction 

It is well known that the superfield formulations of supersymmetric field theories, with 
the maximal number of the underlying supersymmetries being manifest and off-shell, are 
extremely useful for studying quantum aspects of these theories. In many cases, such 
formulations not only drastically reduce the amount of perturbative calculations, but also 
allow one to make certain conjectures about a possible structure of the final results prior 
to any calculation. The M = 1 superspace [1] is natural for M = 1, d = 4 supersymmetric 
models, while the adequate superfield approach to A/" = 2, d = 4 theories is offered by 



- 1 - 



= 2 harmonic superspace [2] . As for the renowned J\f = 4 SYM theory, no appropriate 
formulation of it in terms of unconstrained off-shell A/" = 4 superfields is known to date. 

On sheh, the A/" = 4 SYM theory is equivalent to the M = 3 SYM theory (see [2] 
and refs. therein). The latter possesses an unconstrained superfield formulation in A/" = 3 
harmonic superspace [3, 4], such that three out of four supersymmetries of the original 
theory are manifest and off-shell within this framework. This approach proved to be 
very fruitful for establishing quantum finiteness of A/" = 3 SYM theory [5] , as well as for 
constructing the M = 3 supersymmetric Born-Infeld theory [6].^ The basic goal of the 
present paper is to provide an evidence that the Af = 3 harmonic superspace approach is 
also useful for studying the low-energy effective actions in the A/" = 3 and TV = 4 SYM 
theories. 

It is known that the leading terms in the A/" = 4 SYM effective action in the M = 2 
superfield formulation (which manifests only two out of four supersymmetries) are de- 
scribed by the non-holomorphic potential [8-16]. The hypermultiplet completion of the 
non-holomorphic potential, such that it ensures the on-shell AA = 4 supersymmetry, was 
found in [17] (and further elaborated on in refs. [18-20]). The full action contains a scale- 
invariant and SU(4) symmetric / X'^ term, as well as some other terms related to this 
leading one by TV = 4 supersymmetry. Here is the Maxwell field strength and X"^ is 
the square of SU(4) invariant norm of scalar fields. 

In the present paper we develop the M = 3 harmonic superspace description of the 
leading terms in the TV = 4 SYM effective action to the order F^/X^. We seek this 
action as an integral over the analytic subspace of the TV = 3 harmonic superspace, with 
the Lagrangian density being a local functional of the analytic superfield strengths without 
derivatives on them. We show that the requirements of the scale and 75 invariance uniquely 
fix the form of this functional. We check that the action constructed respects the full 
SU(2,2|3) superconformal symmetry and, in components, yields the F^/X^ term, where 
X"^ = ip^(pi is the bilinear SU(3) (and in fact SU(4)) invariant of the involved scalar fields. 

We stress that the obtained action is essentially defined on the Coulomb branch of the 
theory, when the scalar fields acquire non- vanishing vevs, c* = (93*) 7^ 0. These constants 
c* explicitly appear in the effective action, so that the effective Lagrangian is singular at 
c* = 0. However, we show that the action is in fact independent of any particular choice of 
c*, c* 7^ 0. This is entirely analogous to what happens in the TV = 2 harmonic superspace 
formulation of the TV = 2 improved tensor multiplet model given in [21]. It was emphasized 
there that the presence of such constants in the action has a topological origin. In accord 
with this interpretation, the low-energy TV = 4 SYM effective action contains a topological 
term given by the Wess-Zumino action for the scalar fields [22, 23]. Therefore the presence 
of such constants in the effective Lagrangian is not surprising. 

One of the advantages of the TV = 3 superspace formulation is the possibility to go 
off shell due to the existence of unconstrained gauge prepotentials. Varying with respect 
to these prepotentials, we obtain the effective equations of motion corresponding to the 
effective action. Like in the non-scale-invariant TV = 3 Born-Infeld theory [6], elimination of 

possible scale-invariant generalization of the M — i Born-Infeld theory was discussed in [7]. 
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some of the auxiliary fields from the effective equations of motion allows one to reproduce 
not only F^/X'^ term, but also the F^/X^ term in the effective action, which precisely 
matches with that appearing in the component expansion of the conformally-invariant 
Born-Infeld action. Therefore, the effective action obtained reproduces the worldvolume 
action of D3 brane on the AdS^ x background up to the order F^/X^. 

The paper is organized as follows. Section 2 contains a brief summary of the basic 
ingredients of the Af = 3 harmonic superspace formalism. In particular, we give the rep- 
resentation of the Af = 3 superconformal group SU(2,2|3) on the J\f = 3 SYM superfield 
strengths. In Section 3, employing the scale and 75 invariance, we derive the Af = 3 SYM 
low-energy effective action and then show its invariance under the full Af = 3 supercon- 
formal group. In Section 4 we derive the F^/X"^ and F^/X^ component terms from the 
superfield action. The last Section is devoted to discussing some open problems deserving 
further study. In Appendices A and B we collect some technical details concerning the 
derivation of the superfield action and calculation of SU(3) harmonic integrals. A possible 
four-dimensional representation of the Wess-Zumino term with manifest SU(3) symmetry 
is discussed in the Appendix C. In Appendix D we demonstrate that the Af = 3 super- 
field effective action proposed can be used for studying the effective superfield equations 
of motion. 

Throughout the paper we follow the Af = 3 superspace conventions employed in [7] 
and [6]. 

2 Af = 3 SYM setup 

2.1 Superfield strengths in = 3 harmonic superspace 

The standard Af = 3 superspace is parametrized by the coordinates z'^'^ = {x"^ , 9f , 9^°') , 
where i = 1,2,3 is the SU(3) triplet index. Following [3, 4], we introduce the SU(3) har- 
monic variables u[ = {u\,u^,u^) and their conjugates, u\ = {u\,u\, u\), with the properties 

nfuj, = 55, uiv^j = 5l e^^'^u\u]ul = l. (2.1) 

These defining relations are the orthogonality and completeness conditions. The harmonic 
variables allow one to convert the small indices on which the R-symmetry SU(3) 

group is linearly realized, into the capital indices, I,J,..., which are inert under SU(3). For 
instance, we will make use of the projected Grassmann variables, 9f = 9fu\, 9^°^ = 9^°^ul. 
Some of these projected Grassmann variables parametrize the analytic subspace, 

{Ca, u} = {xj, 9%, 9^, 9'^ 9'^u} , = X™ - + i9sa^^9^ . (2.2) 

The analytic superspace (2.2) is closed under the = 3 supersymmetry [3, 4], and, hence, 
plays a role similar to that of usual chiral subspace in the Af = 1 superspace [1] and of the 
Af = 2 harmonic analytic superspace [2] . 
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The harmonic projections of the covariant spinor derivatives^, 

fi = ^ + 2#'^, A. = -J--2i«f^, (2.3) 

are given by = D^^ul and Dja = Diau]. It is important that in the analytic coordinates 
(2.2) two of these six derivatives become short, 

id - d 

= -QQa ' = ' (2-4) 

thus demonstrating that the M = 2> analytic superfields (i.e. those living on the analytic 
superspace (2.2)) can be covariantly defined by the Grassmann Cauchy-Riemann condi- 
tions, 

Di^{z,u) = D:,^^{z,u) = {) <^{z,u)=^U,u). (2.5) 

The explicit expressions for the other four derivatives in the analytic basis can be 
found in the appendix of our previous paper [7], where the harmonic derivatives Dj are 
also written down. Among these harmonic derivatives, D2, and commute with (2.4) 
and so preserve the analyticity, while the remaining three Df, D2, D\ do not. These six 
harmonic derivatives, together with the U(l) charges Si and 6*2, form an su(3) algebra [24]. 

The conventional TV = 3 SYM superfield strengths in the standard TV = 3 superspace 
are described by the antisymmetric SU(3) tensor superfields W^^ = —W^^. In the linearized 
approximation, these superfields obey the constraints [25], 

KWji = ^ {dp'^Wki - 5\DiWkj) , DioWjk + D,^W,k = , (2.6) 

which eliminate all non-physical components in these superfields and put the physical ones 
on shell. Projecting these superfield strengths on the harmonic variables, we obtain the 
following six superfields. 



Wl2 = u\uiW^j, W23 = 44W^J, W13 = u\uiWij . (2.7) 



It is straightforward to find the harmonic projections of the constraints (2.6), which 
gives rise to a number of differential relations among the superfields (2.7). Consider, for 
instance, W^'^ and 1^23- They obey the following (on-shell) constraints [24]^: 



(i) First-order analyticity constraints, 

DlW23 = D2aW23 = ^3aW^23 = ; (2.^ 



^ We use the following rules of converting the vector and bi-spinorial indices into each other, Xaa ~ 
Crr™-"! r T — -(rr ^""t ■ 8 ■ —^irr"^) f) r) — Or ^""8 ■ 

^The constraints (2.8)-(2.10) can also be derived by quantizing a massless superparticle moving in the 
M — 3 harmonic superspace [26]. 
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(ii) First-order harmonic shortness constraints, 



DIW23 = DIW23 = DIW23 = DIW23 = ; (2.9) 

(iii) Second-order Grassmann Hnearity constraints, 

(1)3)2^12 ^ (£)^)2^i2 ^ ^D^fw^'i = {DiD2)W^'^ = 0, 

{D^?W23 = {D''?W23 = {D^D^)W23 = {DifW23 = . (2.10) 

Altogether, the constraints (2.8), (2.9) and (2.10) kih ah non-physical (auxiliary) field 
components in W^"^ and and put the physical ones on shell^. As a result, the superfield 
strengths W^'^ and W23 have the following component structure in the analytic coordinates 
(2.2), 

+ 4i^2 ^3 -I- ^^"Aq, -I- ^2-^30 — 0^X2a 

+ 8e^9^9^''9^haad^y , 

+ 2i9^el9^'^daaXp + 2i9^'^e^^9^daa\l + ^iO^^O'^^O^daa^ 

+ 8e'''e^^e^9^,daad^^'Pi. (2.11) 

Here 

ip^ = uiip\ i^i = u}(fi, (2.12) 

and is a triplet of physical scalars, = 0. The four spinor fields are comprised by 
the SU(3) singlet and the triplet A/q = u\Xia which obey free equations of motion, 
(?""Aq, = 5""AiQ! = 0. The fields F^/j = F^^^fS) and = F^^^) are spinorial components of 
the Maxwell field strength Fmn = dm^n — dnAm, d"^Fmn = 0. 

The crucial feature of the Af = 3 harmonic superspace approach is that one can relax 
some of the constraints (2.8), (2.9), (2.10) and express the superfield strengths in terms 
of unconstrained ofF-shell gauge superfield potentials [6]. Consider the analytic superfields 
V2 and V^, D^{V2, V;^) = F>3q,(V2^, V^) = 0. They possess the following gauge transfor- 
mations 

5Vi =iD\\, 5Vi = iDlX , (2.13) 

^Besides eqs. (2.9), the original constraints (2.6) imply some other relations of the first order in spinor 
derivatives, connecting W^^ and W23 with the remaining harmonic projections of Wki and W''''. These 
extra constraints can be used to deduce the second-order constraints (2.10) which, together with (2.8) and 
(2.9), form a closed set of the harmonic superspace constraints on W^^ and W23 [26]. 
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with A being an analytic gauge superfield parameter. Using these superfields, one constructs 
the non-analytic gauge potentials and V2 as solutions of the zero-curvature equations 
[6], 

DlV,^ = DlV2\ Dlvi = Dlvi. (2.14) 

Finally, the gauge-invariant superfield strengths W^"^ and W23 can be expressed in terms 
of and V2 as 

14^12 = _^D'-DlV,^ , W23 = \D3aDlvi . (2.15) 

It should be pointed out that the analyticity constraints (2.8) are valid off shell while 
the other constraints (2.9) and (2.10) put the superfield strengths on shell, except for the 
equations 02^^"^ = and -D3W23 = which are also satisfied off shell. 

2.2 Superconformal transformations in = 3 HSS 

The Af = 3 superconformal group SU(2,2|3), besides the M = 3 super Poincare transforma- 
tions, contains dilatation (with the parameter a), 75-transformation (with the parameter b), 
conformal boosts (with the parameters kaa), conformal supersymmetry (with the param- 
eters r/Jj, f]-0) and SU(3) R-symmetry transformations (with the parameters A^, = —A*-, 
A^ = 0). The realization of this supergroup on the analytic coordinates (2.8) was found in 
[27], 

5sc^2" = (a/2 + ib)e^ + kppxfy2 " 4^(02"^? + e^uf)e^2Vh 

+ xf^4fj^^ + xiie^u] + 03%3)4 , 
Jsc^? = (a/2 + ib)9^ + k^px'fjl - Aie^e^,uf4 + x±uif]^, + xie^u^jui , 

,5,c^'" = (a/2 - i6)^i" + kpf^xfj^^ + m^^e^^u\f]^^ + xf_^u\rfp - A^'^^^u^} , 

5^j2a ^ (^/2 - ih)e'^^ + k^^xf_P^ + Aie^i^{e^^u\ + ^^"4)7?^^ 

+ xf_uhh - MiO'^n^ + e^^^^2)n] , (2.16) 

where = x'^ ±2z02^2o^ Por preserving the Af = 3 harmonic analyticity, the harmonic 
variables should transform according to the rules, 

Sscuj = u^iXl + u^Xl , SscU\ = , 

4c«? = Ai , Sscui = -u\Xl , (2.17) 
(5scMf = , Sscul = -ulXl - u\Xl , 

where 

A5 = -iik^^e^jf^ - iiiv^,f% + e%yui) + nfnSAj . (2.18) 

In this paper we will use the so-called passive form of superconformal transformations 
of superfields, when the variation is taken at different points, e.g., 6scW ~ W'{x') — W{x). 
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In such an approach, not only the superfields but also their derivatives, as well as the su- 
perspace measures, should be varied while computing the superconformal transformations 
of the superfield actions. 

It is known [2] that the analytic measure dC,(^)du is invariant under (2.16) and (2.17), 

Using the coordinate transformations (2.16) and (2.17), it is straightforward to find the 
superconformal variations of harmonic derivatives: 



(2.20) 



Recall that the gauge covariant harmonic derivatives involve the gauge superfield prepo- 
tentials 

Sl'j = D'j+iVj . (2.21) 

Requiring the lengthened derivatives (2.21) to be superconformally covariant, with taking 
into account the transformations (2.20), implies the following transformation laws for the 
gauge prepotentials: 

5scV^ = ^, 5scV^ = {X\-Xl)V^ , 

5scVi = , SscVi = {XI - Xl)Vi , (2.22) 

SscVi = x\vi - xlv^ , SscVl = (A} - xl)vl + xlvi - xlv^ . 

Note that the superconformal variations of the analytic gauge superfields V2 , and 
were earlier given in [2, 27], while the transformations of the non-analytic gauge superfields 
V^, V2 ^^'^ ^1 were not presented before. 

Using (2.16) and (2.17) it is also easy to find the superconformal transformations of 
the covariant spinor derivatives (2.4), 



5sc^3a = i-a/2 + ib + Xl)D3a + B^D^, , (2.23) 



6scDl = i-a/2 -ib- Xl)Di + B^D} 

^3/3 

where X\ and A3 were defined in (2.18) and 

si = -kpa{xf_ - ^ie^e^^) - 4if^u^fj^, . (2.24) 

It is worth pointing out that the spinor derivatives D\ and D^^ are not mixed under the 
superconformal transformations. 

Finally, using the variations of the gauge prepotentials (2.22) and derivatives (2.23), 
we can find the superconformal transformations of the superfield strengths (2.15), 

<5scVr23 = ^^23 , SscW^^ = AW^'' , (2.25) 
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where 

A = -a + 2ib + Xl + X^ + B^, A = -a-2ib- X\- Xl + B^. (2.26) 
One can check that the superfields A and A are analytic, 

Dl{A, A) = Dsa{A, A) = . (2.27) 

Hence, the transformations (2.25) preserve analyticity. 

3 Superconformal effective action 
3.1 Non-superconformal term 

The Af = 3 supersymmetric completion of the fourth-order term in the Born-Infeld action 
was constructed in [6], 

Here A is a coupling constant of dimension one in mass units, which is introduced to ensure 
the correct dimension of the integrand. The analytic measure is defined as follows [6, 7], 

dCifi) = -^d'xA{D')\D')\D,f{D2f . (3.2) 

The analytic measure is dimensionless, [dCill)du] = , and [W^^] = [W23] = 1 . With this 
normalization of the analytic measure, it is straightforward to check that, along with other 
component terms, the action (3.1) yields the standard term. 



Consider now the superconformal variation of the action (3.1), 



SscS4 = - I dCill)du{A + ^)^_^ , (3.4) 



where we have used the variations of the superfield strengths (2.25) and the invariance of 
the analytic measure (2.19). Here A and A are superfields (2.26) collecting the constant 
parameters of the superconformal transformations (2.16) and (2.17). The variation (3.4) 
is non-zero, hence the action (3.1) is not superconformal. 

3.2 Scale and 75 invariant F*/X^ term 

Our aim here is to find a superconformal generalization of the action (3.1). In what follows 
we will denote this superconformal action by T (to stress that it is a part of the Af = 3 
SYM low-energy effective action). The action T should meet the following criteria: 

1. It should be a local functional defined on the analytic superspace and constructed 
out of the superfield strengths W^'^ and W23 without derivatives on them, 

r = y" dCill)dunll{w'^W23) ■ (3.5) 
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The analytic Lagrangian density "Hgg is an arbitrary function of its arguments, such 
that its external harmonic U(l) charges cancel those of the analytic integration mea- 
sure. This is the most general form of the superspace action yielding terms with 
four-derivatives in components, since the analytic measure (3.2) contains just eight 
spinor derivatives which can produce four space-time ones on the component fields. 

2. The action T should be invariant under the superconformal transformations (2.25), 

SscT = . (3.6) 

As a weaker requirement, in this subsection we will employ only the scale- and 75- 
transformations out of the full SU(2,2|3) superconformal group. We will show that 
this is sufficient to uniquely specify the structure of the action. The check of the full 
superconformal symmetry will be performed in the next subsection. 

3. In the component-field expansion the action T should reproduce the scale- and SU(3)- 
invariant F^/X"^ term (3.3), 

ct^x . . _ . „ . (3.7) 

We are interested in the low-energy effective action for massless fields, with massive 
ones being integrated out. The massive fields appear in the Coulomb branch when 
the gauge symmetry is broken down spontaneously. For instance, the SU(2) gauge 
symmetry is broken down to U(l) when the scalar field corresponding to the Cartan 
subalgebra of su(2) acquire non-trivial vevs, 

c^ = (^^)/0, Ci = ((^i)/0. (3.8) 

However, the effective action should be independent of any particular choice of these 
constants, 

T{c'\c'j)=T{c\cj), c*q/0, (3.9) 
because such a dependence would break superconformal invariance of the action. 

Finally, we simplify the problem by considering only that part of the action (3.5) 
which does not vanish on the mass shell, i.e., we will assume that the superfield 
strengths obey the constraints (2.8)-(2.10). We will neglect all terms in the action F 
which vanish when these constraints are imposed. As a consequence, one is free to 
add to F or to subtract from it the following expressions which vanish on the mass 
shell, 

j dC{Xl)W^^HW23) oc j d''x{D'f{D^f{Dif[F{W23){D2fW^^]^Q, 
j dC(??)H^23^(^^'') oc j d*x{D')\D2f{D^f[F{W^^){D^fW23]^Q. 

(3.10) 

Here F{W) is an arbitrary function of its argument. We will frequently employ this 
property while deriving the action. 
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Now we shall turn to constructing the action T which obeys the requirements and 
properties listed above. 

As the first step, we introduce the shifted scalar fields, (p"^ and (pi, 

^' = c' + <P\ ^i = c^ + 4>i, (0') = (0^) = O. (3.11) 

Next, we define the harmonic projections of these vev constants 

= uld" , (? = ufc^ = ufc^ , ci = u\ci , C2 = u^Ci , C3 = u\ci . (3.12) 

Using these objects, we introduce the shifted superfield strengths, and UJ23, 

W^^ = C3+0^^, 1^23 = + W23 • (3.13) 

Under the scale and 75 transformations these shifted superfields transform inhomoge- 
neously, 

6scU!'^'^ = Acs + Alo^'^ , (5sca;23 = + ^a;23 , (3.14) 

where A = —a + 2ib. The case of generic A and A defined in (2.26) will be considered in 
the next subsection. 

We point out that on shell, when the relations (3.10) are valid, the non-superconformal 
action (3.1) can be rewritten in terms of u)^"^ and a;23 as 

Here we substituted (c^q)^ in the denominator instead of (AA)^, because no other dimen- 
sionful constants besides the vevs c* can be present in the superconformal case. 
We search for a superconformal generalization of the action (3.15) in the form 

r^f/^C(??V.<2W«(2|!,^), ,3.., 

where H(x, y) is some function to be determined and a is a dimensionless coupling constat. 

- 12 3 - 

The arguments and ^^/i^^ of the function H are chargeless and dimensionless. We 

° C'-Ci C'-Ci ° 

assume that the function H has a regular power expansion with respect to its arguments, 

00 

H{x,y)= J] a™,„x™y", (3.17) 

m,n=0 

with undefined coefficients a^.n- The reality of the action (3.16) under complex conjugation 
implies the symmetry of this function, H{x, y) = H{y, x) , whence am,n = otn,m ■ 
Reordering the summation in (3.17), it is convenient to represent (3.16) as 

r = Lrn, r„ = -y dC(n)d^^-^L«^."-(^J (^^J • (^-is) 

The invariance of the action (3.18) under the transformations (3.14) can be ensured order 
by order, i.e., the non- vanishing terms from 5sc^n are required to be cancelled by similar 
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terms from (^scrn+i, and so forth. This recurrence procedure imposes severe restrictions 
on the coefficients am.n- The technical details of this procedure are given in the Appendix 
A, with the following result: 

/ 1^m+n (m + n + 2)! 

[n + 2)n\[m + 2)m\ 

With these coefficients, the series (3.17) can be summed up as follows, 

^,(..,) = M1±^±1)+_J ^_Ml±f)_Mlj_^). (3.20) 

xy{l + x + y) x^y^ x^y^ 

We point out that this function is regular at the origin, 



Ihn H{x,y) = l. (3.21) 

Hence, the action (3.16) with this function is well-defined and the harmonic integral does 
not encounter any singularities. 

The contributions from the last two terms in (3.20) to the action (3.16) vanish on shell 
due to the properties (3.10)^. Therefore, the on-shell effective action can be rewritten in 
the following explicit form 



a 



dciiDdu 



In 1 + — ^ + + 



(3.22) 

Although the charged objects (? and c\ appear in the denominators, they do not lead 
to the divergent harmonic integrals. It can be explicitly checked that upon passing to the 
component form of the action (3.22), all dangerous terms with divergent harmonic integrals 
vanish after performing the integration over the Grassmann variables. Some component 
terms of this action will be studied in the next Section. 

3.3 Complete = 3 superconformal symmetry 

Now we consider the transformations (2.25) which include all parameters of the super- 
conformal transformations. The corresponding variations (3.14) of the shifted superfield 
strengths u)^^ and W23 read 

b^^uj^"^ = Auj^'^ + Acs + Aic2 + \\cx , 

5sca;23 = ^^23 + Ac^ - A,'? - Agc^ , (3.23) 

where A and A are given in (2.26) and are defined in (2.18). Under these transformations 
the action (3.16) varies as 

<5scr = I y dC,^A)du {od^^uj23f[^H{x,y) + H',{x,y)][Ax + Ac^cg + X^c^ + Xlc^ci] 

+ dCilDdu iO^''u;23f[^Hix, y) + H'y{x, y)] [Ay + Ac'ci - A^c^ci - A^c^ci] . 

(3.24) 



^The properties (3.10) are valid essentially on shell. Therefore the last two terms in (3.20) can be 
neglected only on shell although they can be important for the off-shell completion of the action. 
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For simplicity we set here c*Cj = 1 , so x = oj^'^c^, y = UJ23C1. The first and second lines in 

(3.24) are complex-conjugated to each other. 

Given the explicit form (3.20) of the function H{x, y), it is easy to check that it solves 

the following differential equations 

2 1 
-H{x,y) +H'^{x,y) 



X ' x{l + x){l + x + y)'^ ' 

-H{x, y) + H'yix, y) = ] . (3.25) 

Taking them into account, we are going to show that the integrand in (3.24) is a total 
harmonic derivative, so the variation (3.24) vanishes. 

To this end, we introduce the auxiliary functions f{x,y) and f{x,y): 

y{y + l){x + y + 1) xy^ xy^ xy^ 



x[x + l)[x + y + 1) yx'^ yx'^ yx'^ 

They possess the following properties 

-^-+^^^ + ^^ = x(i+.)(iVx+.)^ -^(rT^ = (^- + >) + ---' ^'-''^ 

< + ^ = - (i + ,)(i + x + ,)^ = -^y^'y + ' ^'-''^ 

y/; + x/^ + 3/= ^ - ] =(H'y + -H) + ... . (3.30) 

" y[l + y){l + x + y)'^ y[l + xy ^ x 

Here dots stand for the terms integrals of which over the analytic superspace with the 
weight (a)^^ti;23)^ are on-shell vanishing due to the relations (3.10). Up to these terms, the 
equations (3.27)~(3.30) allow one to deduce the following relations 

- Dl{f{x,y)^C2A) - Dl{f{x,y)c^c^A) = [H'., + '^H){Ax + Ac'c^) 

- f{x, y)c^C2Xl - f{x, y)c^ciXl , 
Dl{f{x,y)c^ciA) + Dl{f{x,yyciA) = [H'y + -H){Ay + Ac^ci) 

y 

+ />, y)^ci\\ + />, yy^'ciXl . (3.31) 

Here we made use of the following simple identities 

\\ = DlA, Ai = D|A, \\ = DlA = DlA, (3.32) 

as well as of the convention dci = 1 . 
Next, we introduce the functions 

9{x,y) = -7— — y^TT^ ■ — r T— TTT 1 (3-33) 

y{l + yY{l + x + y) y[x + l) 

g{x,y) = g{y,x) = —— — ■ — — — - , (3.34) 

x(l + x)^(l + X + y) x{y + l) 
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with the properties 

1 12 

y) - 2/) = (K + -H) - {H'y + -H) . (3.37) 

X y 

Here, as in (3.28) and in (3.30), the dots stand for the terms vanishing on shell after 
integration over the analytic superspace with the weight [Co^'^ lo23)'^ ■ Up to these terms, we 
obtain the following relation 

- Dl{Xl~g{x,y)c'ci) - Dl{\lg{x,y)c'ci) = (H', + -H)Xlc% - {H'y + -H)\l^ci 

X y 



+ [{H', + -H) - [H'y + -H)]X\c'-c, 
X y 



(3.38) 



Finally, introduce the functions 



[I + x)y xy^ xy^ xy^ 



h( \ h( \ 1 , Hl+y) , ln(l + x) ln(l + x + y) 

h{x,y) = h{y,x) = -— — — H ^ ^ 2 2 ' \^-^^) 

(1 + y)x yx'^ yx'^ yx^ 

with the properties 

h{x,y) + yhy{x,y) = f{x,y) , h{x,y) + xh'^{x,y) = f{x,y) , (3.41) 

h-h = f-f. (3.42) 

These properties allow one to derive the following relation 

- Dl{Xlh{x,y)e'ci) - Dl{Xlh{x,y)e'ci) = fXlc% - ~fX\c^ci + (/ - ~f)X\c''ci . (3.43) 

Now we put together the relations (3.31), (3.38) and (3.43) and observe that the 
variation (3.24) can be represented as a linear combination of harmonic derivatives acting 
on the quantities which are expressed through the functions (3.27), (3.34) and (3.40), 

5scr = dQi^\)du{Co^^U2-ifi^Dl{J^ciA) - Dlifc%A) + Dlifc^'ciA - fc%A) 

- Dl [{g + h)Xy-c^] - Dl [{g + /i) A^c^ci] 1 . (3.44) 



The variation (3.44) vanishes as an integral of total harmonic derivative. This proves the 
invariance of the action (3.22) under the full SU(2,2|3) superconformal group^. 



®Note that (3.22) is SU(2,2|3) invariant for any 7^ , without any restriction on the norm c*Ci which 
was put equal to 1 in the above consideration merely for convenience. 
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3.4 Independence of the choice of vacua 

By construction, the effective action (3.16) with the function (3.20) is meaningful only on 
the Coulomb branch of the M = 3 SYM theory. This is manifested in the explicit presence 
of non-zero vev constants c* and Cj in the Lagrangian in (3.16). However, the action itself 
should be independent of any particular choice of these constants, except for the point 
c* = at which the effective action is singular. 

Let us rewrite (3.16) in terms of the original (non-shifted) superfield strengths W^'^ 
and W23 



(3.45) 

In the previous subsection we proved that this action is invariant under the full SU(2,2|3) su- 
perconformal group. Taking into account that the analytic integration measure is SU(2,2|3) 
invariant by itself, the property of superconformal invariance of the action can be written 
in the finite form as 

nW^^ W23; c\ci] = r'[W^^', W23'; c\ci] = r[W'^', W23'; c^ Ci] . (3.46) 

In particular, consider scale and 75 transformations of the superfield strength in the finite 
form, 

W^^ e^W^^ , W23 e^W23 , (3.47) 

where A = —a + 2ib. The transformation of the action (3.45) under (3.47) can be repre- 
sented as 

r[W^^,W23;c\ci] = r[e^W^^e'^W23;c\ci] 

(iyl2 _ 6-^03)2(1^23 - e-^cl)2 



So, all A-dependence is absorbed into the vev constants, c* — > e~'^c\ Ci e~^Ci. Hence, 
the superconformal invariance of the action (3.45) implies its independence of complex 
rescalings of the vev constants, 

nW^^, W23\ c\ q] = T[e^W^'', e^W23\ c\ci] = T[W^^, W23\ e-^c\ e-^Ci] . (3.49) 

In a similar way, one can prove that the action (3.45) is independent of the parameters 
of finite SU(3) rotations of the vev constants, 

T[W^\ W23-. c\ Ci\ = T[W^\ W23; ^yM^j] > (3-50) 

where A* are SU(3) matrices. As a result, the action (3.45) is independent of any particular 
choice of the vacuum c* , c* 7^ . 
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Perhaps, it make sense to give a more detailed proof of the latter statement. It goes 
as follows. Let us assume, without loss of generality, that 7^ . Then, using the coset 
SU(3)/[U(l)xSU(2)] transformations with a constant SU(2) doublet as parameters, one 
can cast c* in the form c* = (0, 0,c^). The constant can be made real by making use 
of the residual U(l) transformation (a combination of the 75 transformations and those 
of U(l) from the denominator of SU(3)/[U(1) xSU(2)]). Finally, it can be rescaled to any 
non-zero value, keeping in mind the independence of the action of the rescalings of the vev 
constants. 



4 Component structure 
4.1 F^/X^ term 

To derive this term from the effective action (3.16), it is sufficient to consider only constant 
Maxwell and scalar fields, omitting all other components in (2.11), 

= ul(t>' + ^iep^^F^p , ^23 = + ^e^'^e^^F^^ . (4.i) 

Substituting these superfields into (3.16), we integrate over the Grassmann variables to 
obtain 



' 2 / ^-^ mini 

m.n=0 

(4.2) 

Here we used the series expansion (3.17) for the function H with the coefficients given 
by (3.19). In this subsection we assume c*Ci = 1 for simplicity and use the notation 

It is convenient to represent (4.2) as a sum of two terms. 



rF4/x4 = I / d^xF^F\T, + T2) , (4.3) 



2 

where 



. mini 

n=0 m=0 

/ ^-^ ^-^ mini 

n=0 m=n+l 

The reason for this separation is that m < n in Ti while m > n in T2. Therefore, for each 
of these terms we can apply the equation (B.5) for the harmonic integrals. 



00 n m 



n=0 m=0 1=0 \ J \ J 



00 00 n 



r^ = 2E E E "" "";;„"! n'(!!:'r"' '^^^^^'r-'i-^^r-' . (4.5) 

n=Om=n+l 1=0 ^ ' ^ ' 
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Changing the order of summation, these terms can be rewritten as 
^-^ ^-^ I'.mW. 

Z,m=0 n=m 

T. = 2± E ^"^"^^;rj!^'^"'"'"' (^>-)'(^>-)"(^>-r . (4.6) 



Z,»n=0 n=0 

Putting these two expressions together, we find 

m,n.fc=0 



Li\k 



As a result, the F'^/X'^ term in the effective action reads 



(4.7) 



r,./,.=a/d^.^. (4.8) 

This expression is expHcitly scale and U(3) invariant, as is expected. 

It is a highly non-trivial and remarkable phenomenon that the vev constants c* and 
the shifted scalars (f)^ have combined into the initial scalar fields (3.11), after doing the 
Grassmann and harmonic integrals which is a rather involved procedure in its own. This 
confirms the independence of the action (3.16) of any particular choice of the vacua, the 
fact that was proved in the previous section. 

Note that (4.8) also respects hidden S0(6)~ SU(4) invariance, with the SU(4)/U(3) 
transformations acting as 

5^' = e'^^Xm , 5i^i = EikiV'ip^ , (4.9) 

where Aj comprise 6 corresponding group parameters. This is an indication that the su- 
perfield effective action (3.16), besides the superconformal SU(2,2|3) symmetry, enjoys as 
well an on-shell SU(4) symmetry, and hence, the superconformal SU(2,2|4) symmetry as a 
closure of the two former ones. It would be interesting to explicitly find the realization of 
this SU(4) on the analytic superfield strengths. 

4.2 F^/X^ term 

It is known that the non-conformal action (3.1) produces not only the term but also 
the F^ term in the Born-Infeld action [6]. The F^ term appears essentially on shell, when 
some of the auxiliary fields are eliminated by their effective equations of motion. In [7] it 
was conjectured that this procedure should work in a similar way in the superconformal 
case, with the F^/X^ term as the outcome. Here we show that this is indeed the case and 
present details of the relevant derivation. 

As shown in [6], the Maxwell field strength Fmn = dm-^n — dn^m is accompanied by 
the antisymmetric tensor auxiliary field Hmn = —Hnm- When the on-shell constraints 
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are relaxed, these fields appear in the superfield strengths in the combination l^r 



to 



(4.10) 



Here Va/^ and V^^ are spinorial components of the antisymmetric tensor Vmn and dots 
stand for the other field components which are irrelevant for our consideration. The part 
of the free classical action 52 which involves these fields reads [6] 



52 



d^x[V^ + - 2{VF + VF) + + F^)] ■ 



(4.11) 



One can recover the standard Maxwell action for Fmn upon eliminating the auxiliary fields 
from ^2. However, our purpose is to eliminate them from the effective equations of motion, 
when the action (3.16) is added to the classical free SYM action. The superfield effective 
equations of motion are derived in Appendix D. Here we need only some SU(3) singlet 
sub-sector of the component expansion of these equations, so it is simpler to derive it 
independently. 

As in the previous subsection, we substitute the superfields (4.10) into (3.16) and find 



a d X 



(4.12) 



The action S2 + Tpi produces the following equations of motion for the auxiliary fields 
Vafi and tA^, 



1 + a 



F ■ =V ■ 



1 + a 



i,n.\2 



(4.13) 



The solution of these equations can be represented as a series in the Maxwell field strength, 
in which we need only the lowest terms. 



Vn,R — Fn 



1 — a 



(v'Vj''^ 



+ 0(F3) 



\ — a 



F' 



+ 0{F'^ 



(4.14) 



Substituting these solutions back into ^2 + TpA jx^ , we earn the correct F^ term, 

/■ . r 1 

S2 + ^F*/X* - 



d^x 



-i(F^ + F2) + a-^'^' 



a^I^{F^ + F^) + 0{F^) 



(4.15) 

With a = Q/2 this action coincides, up to the F^ order, with the Born-Infeld part of 
the effective worldvolume action for a D3 brane moving in curved AdS^ x vacuum 
background of type HB supergravity f''*^!^ 



d^x 



\xl 
Q 



1- V-det(77™„ + Qi/2|x|-2F„ 



I d^x\F^ + F2 _ _Q_F^p2 ^ lQp2p2^p2 ^ p2^ ^ Q(^8 



1^1 



2 |X|8' 



(4.16) 



^We omit here all terms with derivatives of scalars 
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In stringy language, we can make the identification Q = Ng^a''^ /tt, where is the 
number of D3 branes which induce the AdS^ x geometry, Qs is the string couphng and 
a' is the inverse string tension. It was conjectured in [29-33] (see also [34] for a review) 
that such D3 brane effective action should coincide with the low-energy effective action of 
J\f = 4: SU(A^) SYM theory in the large limit. Thus here we proved this conjecture up 
to the F^/X^ order. 

4.3 A comment on the Wess-Zumino term 

As shown in [22, 23], the quantum effective action of A/" = 4 SYM theory must contain a 
Wess-Zumino (WZ) type non-tensor term in the scalar fields sector. The presence of such 
term in various superfield versions of the J\f = 4 SYM effective action (in particular, in its 
M = 2 superfield version [17]) was recently proved in [35, 36]. Here we give an evidence 
that the M = 2> effective action (3.16) also contains WZ term in its component expansion. 

To detect the WZ term, it is sufficient to keep only scalar fields in the superfields 
(2.11), 

(4.17) 

We substitute these superfields into the action (3.16) and integrate over the Grassmann 
variables, keeping only those terms which contain four derivatives contracted with the 
antisymmetric e-symbol. 



oo 



E (-ir^- ^^^^^'^y^'^^'^'^ (^^^3)-(^i0^)- . (4.18) 



To compare this expression with the standard expression (C.l) for WZ term®, it is necessary 
to compute the harmonic integrals and to sum the series. Unfortunately, it is very difficult 
to find the explicit expression for the integral 

du u^u^ . . . ulul^u^uf . . . u^j^uful4' (4.19) 

in terms of (anti)symmetrized irreducible combinations of the delta-symbols. Therefore 
here we restrict ourselves to considering only the lowest terms in (4.18), namely, 

Twz = hae™ j d^xdn[a„</.2a„<^39p(^25g0=^ + 9^.^29„<^iap(/.2a,(/)i](c3(^3 + ci</'^) + O(</.'') . 

(4.20) 

The corresponding harmonic integral is quite easy to do, 

d^^n^vU44 = y^^^'^ + ^^^^^ + + ^^^''^^ ■ (4.21) 



To be precise, we compare (4.18) with the WZ action in the four-dimensional form (C.19). 
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Then it is straightforward to see that only the first term in the r.h.s. of (4.21) contributes 
to (4.20), while all other terms either vanish after contracting the indices or form total 
derivatives. As a result, (4.20) can be rewritten as 



This expression coincides with (C.23) under the choice 



This proves that the action (3.16) contains the Wess-Zumino term. One of the possible 
four-dimensional representations of this term is given by the expression (C.19). 

5 Summary and discussion 

In the present paper we made an essential step towards solving the long-standing problem 
of constructing M = 3 SYM low-energy effective action in terms of unconstrained Af = 3 
superfields. We constructed the leading part of this effective action which is responsible 
for the F^/X'^ term in components. This action is given by a local functional in the 
M = 3 analytic superspace, such that it depends on the M = 3 superfield strength without 
derivatives on them. The form of this functional is uniquely fixed by the requirements 
of scale and 75 invariance, although the action respects further SU(2,2|3) superconformal 
symmetry (and, perhaps, SU(2,2|4)). 

Since the M = 3 and Af = 4 SYM models are equivalent on shell, the action (3.16) 
provides us with an A/" = 3 superfield description of the A/" = 4 SYM low-energy effective 
action. This effective action was previously studied in the J\f = 2 harmonic superspace 
[17, 18] and was rewritten in terms of the on-shell A/" = 4 superfields in [35, 36, 38]. 
In contrast to the representations of this action in the M = 2 and TV = 4 harmonic 
superspaces, the Lagrangian in (3.16) has an explicit dependence on the vev constants 
d = {(p'^)- However, this dependence is rather spurious: we proved that the action itself 
is in fact independent of any particular choice of these constants. This phenomenon is 
very similar to what one observed in the action of the J\f = 2 improved tensor multiplet 
[37] in the harmonic superspace [21] which also explicitly included the vev constants of 
the scalars, but this dependence disappeared in the full component action. In [21] it was 
argued that the presence of such constants reflects the non-trivial topological properties 
of this action. In our case the M = 4 SYM low-energy effective action also contains some 
topological term given by the WZ action for the scalar fields [22, 23]. Therefore the action 
(3.16) can be equally considered as an A/" = 3 superfield extension of the WZ term. A 
possible form of the WZ term arising from the Af = 3 harmonic superspace is discussed 
in Appendix C, see eq. (C.19). The constants c* in this action break the manifest SU(3) 
symmetry, though the action is still SU(3) and SU(4) invariant up to total derivatives. 
This confirms the conclusions of [35] that the four-dimensional WZ term cannot be made 
manifestly invariant under SU(3) since this group is anomalous. 




^'dm(ly'dn(P^Ci>dp^fdg^k'] + 0{<f) . 



(4.22) 
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In the present paper we studied the bosonic component structure of the action (3.16) 
in the hmit of constant Maxweh and scalar fields and argued that it contains the Wess- 
Zumino term. We showed that this action correctly reproduces the coefficients in front 
of the F^/X^ and F^/X^ terms to ensure their coincidence with the similar terms in the 
worldvolume action of D3 brane in the AdS^ x background. To make the comparison 
of the action (3.16) with the D3 brane action more precise, it is necessary to study the 
component structure of (3.16) in the scalar field sector in more detail, beyond the constant 
field approximation. This problem is technically involved and will be addressed elsewhere. 

Finally, it is worth pointing out that the action (3.16) was derived solely by employing 
the group-theory requirements of gauge invariance and superconformal symmetry. It is 
very desirable to develop the background field method for the Af = 3 SYM theory in order 
to re-derive the action (3.16) from the quantum perturbation theory in A/" = 3 harmonic 
superspace^. Note that the free propagators in the = 3 harmonic superspace were 
studied in [5] . These methods might help to unveil the structure of effective action in the 
M = 3 and A/" = 4 SYM models beyond the low-energy approximation. 
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A Derivation of scale and 75 invariant effective action 

Here we derive the equations for the coefficients ctjn.n which follow from the requirement 
that the action (3.18) is invariant under (3.14). Consider two lowest terms in the series 



^Like as the Af = 2 superfield effective action of ref. [17] was re-derived from the Af — 2 harmonic 
superfield perturbation theory in [18]. 

^"Here, for simphcity, we put c'c; = 1 and q = 32 . 



(3.18) 




(A.l) 
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The superconformal variation of Fq reads 

JscFo = 2ao,o(A + A) J dC{ll)du{id'^i023? • (A.2) 

Note that the terms with cD^^a;^^a;23 and ijj^'^uj23UJ23 vanish on sheh because of the relations 
(3.10). 

The superconformal variation of Fi reads 

<5scFi = 3ao,i J dC{ff)du [{Cd'^ lo23)\Ac% + Ac^ci) + ©(w^)] . (A.3) 
Using the identities 



c 



1 - Die" = Dlc^ , C3 = -Dlci = -Dlc2 , (A.4) 



which follow from the definitions (3.12), one can write 

c^ci = ^(c^ci + ciDlc^ + ciDlc^) , 

c% = ^(c^cs - c^^Dlci - ^Dlc2) . (A.5) 

We substitute these expressions into (A.3) and integrate by parts with respect to the 
harmonic derivatives D\, D| and 

SscTi = ao,i j dCifDdu [{A + A){oj'^oj23f + 0(w^)] • (A.6) 

Here we made also use of the identity c^ci + c^C2 + 0^03 = dci = 1. Comparing (A.6) with 
(A.2), we observe that the terms with four superfield strengths are canceled out under the 
condition 

"0,1 = -2ao,o • (A. 7) 

Let us now consider the n-th term in the series (3.18), 

„ n 
^n= I dCeil)du{0j'^U:23f Yl «^,n-^(c^''c3)X^23Cl)"-' , (A.8) 

i=0 

and compute its variation under (3.14), 

/n 
dall)du{io^^u:23f + 2)A + {n-i + 2)A]{Ld^\^y{u:23Cir-' 

1=0 

„ n 
+ I (iC(??)dn((^12^23)'J]a^,n-^(i + 2)i((^12^=^y-l(^^^-^)n-^^3-^ 

1=1 
n—1 

dCill)du{oj'^i023f «^."-(^ - ' + 2)A{o'^c'yioj23Cir-'-'c'ci . (A.9) 



i=0 

In the second line of (A.9) we apply the identity 

C3{c'y{c,r-' = [^c-3 - "l-^Dlc^ - -L^Dl-C2]{c'y{c,r-^ . (A.IO) 
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Upon integrating by parts with respect to the harmonic derivatives Dl^ and D^, this ex- 
pression is replaced by 

-^ic,r-^ic'r' . (A.ii) 

Similarly, in the last line of (A. 9) we apply the identity 

cHc,r-\c'y = i^c' + -^Dlc' + l±^Dlc']{c,r-\c'y (A.12) 
n + 2 n + 2 n + 2 

and again integrate by parts with respect to the harmonic derivatives. As a result, the 
expression c^(ci)"'~*(c^)* in (A. 9) produces the term 

(A.13) 



n + 2 

Taking all this into account, the variation (A. 9) can be written as 

/n 
i=0 

+ [ dC(??)dn(cDi2cu23)' Va,,„_,^^^A(cui2c3)^-i(a;23Ci)"-' (A.14) 
J ^ n + 2 

1=1 

/ ^-^ n + 2 



We observe that the terms in the last two lines in (A. 15) cancel similar terms in the first 
line of ^scr^-i, provided the coefficients a^j obey the following two equations 

(n-i + 2)(n-i) , (i + 3)(i + l) 

ai,n-j -7; h aj+i,„_i_i — = -(n + 3)ai,n-i-i , (A.15) 

n+2 n+2 

{n-i + 2){n-i) (^ + 3)(i + l) , 

Oii^n-i ai+l,n,-i-l -7; = - 2l- \)ai n-i-\ ■ 

n+2 n+2 



As a consequence, any two adjacent coefficients are related as 

(A.16) 



«M _ (j + l)(i+j + 2) 



aij-i (j + 2)3 

The solution of this equation is just (3.19). 

B Harmonic integrals 

The standard definition of the integration over the SU(3) harmonic variables reads [2] 

J dul = l, J (in (non-singlet SU(3) irreducible representation) = 0. (B-l) 
From this definition one can derive the following simple relations 

J duu}u{ = J duufui = , j duu}u{ulu[ = ^5? 5? , etc. (B.2) 
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All these integrals appear as particular cases of the following general formula 

2m!(-l)'= 



/ duulv^i^ . . . i4A^i4 • • • = E 



;,_0 {m + l){k + n + 2){k + n + l)k\{m - k)\ 
X jf'^ . . . Sf" 6j^'^ ...d^^K.. (^■''"I . (B.3) 

Here both (. . .) and {. . .} denote symmetrization of the indices. Contracting this expression 
with vev constants c*, q and with scalar fields 0*, (f)i we find 



/ 



A;=0 

. . . . . . C'''^) . . . C^™Cii . . . C,>ji • • ■ '^i, • • • <^i,„ 



After applying some combinatorics, this expression can be represented in the following 
useful form 

min(m,n) . , / , n , / n i, 

^ ' 2n\m\{m + n - k + 



I duict^-cinc^hr = E 



k\{n - k)\{m - k)\{m + n + 2)\{n + l)(m + 1) 
y.{ct>^,f{ct>'cir-\c^,r-\ (B.5) 



C Wess-Zumino term 



C.l Derivation from five-dimensions 

Consider six real scalar fields X"^, A = 1, . . . , 6, in the fundamental representation of S0(6). 
The WZ term for these scalars has the standard form [22, 23] 

Sy,, = -±^ j d'xe^^'^^Pe^^^^^^^^X^dMX^d^X^dKX^dLX^dpX^ , (C.l) 
where |Xp = X^X^. It is useful to introduce the normalized scalars, 

= ^ , y^y^ = i , (c.2) 

I A I 

in terms of which the action (C.l) can be rewritten as 

Sy^z = — L_ /■ d5xe^^^^^e^«^^^^y^aMy^9ivy^9xi^^5iy^5py^ . (c.s) 

607r"' J 

The integration here is performed over a five-dimensional manifold M which has the four- 
dimensional Minkowski space as its boundary dM. 

Let us rewrite the action (C.S) in the manifestly SU(3) covariant form. For this purpose 
we pass to the complex scalars, 

/I = yi + iy2 , f = + iY^ , /3 = y5 + iy^ , 

/i = yi-iy2, f^ = Y^-iY\ fs = Y^-iY\ (C.4) 
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which are also normahzed, 

/7i = l. (C.5) 

In terms of these scalars the action (C.3) acquires the desired manifestly SU(3) covariant 
form, 

SWZ = -^^^'''''''''^^3k^'''''' f d'>x[-{rdMPdNf)dK{fldLfMn) 

+ dK{rdMfdNf'')ifi'dLfj'dpfk')] . (C.6) 

It is also useful to rewrite (C.6) as 

SwZ = / {duJ2 A W2 - W2 A du}2) , (C.7) 
where uj2 and 02 are 2-forms, 

^2 = e.jkfdf A , 02 = e'^'Mj A dfk . (C.8) 

Note that the action (C.7) is real. 

The equation (C.5) has the evident consequence 

dfh + rdfi = Q. (C.9) 

Using this relation, it is easy to prove the following important identity 

UJ2 A dLj2 = —doj2 A 0)2 , (C.IO) 

or 

(i(tj2 A W2) = . (C.ll) 
With taking into account this identity, the WZ action (C.7) acquires the form 

Swz = ^ duj2 A UJ2 ■ (C.12) 
Now, let us introduce the projections 

y = fci. y = fic\ (C.13) 

where d are arbitrary constants with the SU(3) index. Owing to the identities 

y _ _ y _ 

dy AL02 = -duj2 , dy AC02 = -doj2 , (C.14) 
the WZ action (C.7) can be rewritten as 

Swz = ^ I -dy Auj2 AO2 = I dlny Aa;2 A W2 , (C.15) 
or, in the self-conjugated form, 

Swz = -^ I dln^: A UJ2 A 02 . (C.16) 
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Due to the identity (C.ll), it is easy to integrate this form and to rewrite Swz as an 
integral over the d = 4 Minkowski boundary 

^ f y f y 

Swz = -r^l d[ln - W2 A 0)2] = — ^ / ln3a;2 AW2 + X4, (C.17) 

where X4 is an arbitrary closed 4-form, dxA = 0. For simplicity, in what follows we assume 
that X4 = 0, but, in general, there is no any prescription how to fix this 4-form. 

In terms of the scalars (C.4), the action (C.17) can be cast in the following explicit 
form, 

Swz = / d^x ln£^{fd^fdnf){f,dpf,>djk>) . (C.18) 

It is now easy to come back to the non-normalized scalars, /* = a/ (f'-'fi, ]i = (pij \/<^p^i 
and to obtain the final four-dimensional form of the WZ action: 



The constants c* in this action break the explicit SU(3) invariance. Nevertheless, (C.19) 
is SU(3) invariant (up to total derivatives), since it was derived from the SU(3) covariant 
five-dimensional action (C.6). The same argument implies that (C.19) respects a hidden 
80(6)-^ SU(4) invariance. 

C.2 Expansion around vacuum 

We point out that the constants c* in (C.19) are arbitrary. In this subsection we show that 
this action can appear in the component field expansion of the superfield action (3.16) if 
the constants c* coincide with the vevs of the scalars. 

Let us assume that the constants c* in (C.19) are given by (3.8) and make the series 
expansion of this action around these vevs, 

Swz = J d^x{d + cl>')dm<P'dn<pHci, + 4>^')^p4>J'^,^k' (C.20) 

xi;^[(^'c-.)'-(cv.)']i f; ^"^+;;,+,'+'^ cv.)-(c-.0T(^vo^ 

Z=l m,n,fc=0 

Here the fields (p^ are related with (p^ as in (3.11) and we assume that c*Cj = 1 . 

Let us single out in the series (C.20) the terms with minimal numbers of fields and 
These terms correspond to the choice m = n = and / = 1 in the second line in (C.20), 



Swz = Y^e^e^ifce* ' ' J d''x{4>^ci - c^^iyd,n4>'dn^%'dp(t>j'dg4>k' + 0{cl)^) . (C.21) 
Up to total derivatives, the following identity holds: 

e"'^P'iei,ke''''^'{4>'ci - c'^iyd^4,^dn^^Ci,d.p^j,d,^k' (C.22) 
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Using it, the action (C.21) can be written as 



-ddr,^<l>>dn<t)''^i'dp^rdq^k') + 0{(t>'') . (C.23) 

The assumption that c* in (C.19) coincide with the vevs was essential in deriving this 
expression. In Sect. 4.3 we showed that precisely these terms follow from the A/" = 3 
superfield action (3.16). 



D Effective equations of motion 

Effective actions in quantum field theory can be used to obtain effective equations of motion 
which describe the dynamics of fields with taking account of quantum corrections. For this 
purpose an effective action should be well defined off the classical mass shell, but this 
is not always possible. For instance, in [35, 36, 38] the constrained A/" = 4 superfields 
were used for constructing the 7\A = 4 SYM low-energy effective action. Such on-shell 
effective actions should be treated rather in the S-matrix sense, but they cannot be used 
for obtaining the effective equations of motion. One of the merits of the M = 2> harmonic 
superspace approach is the possibility to relax the on-shell constraints for the superfield 
strengths and to express them in terms of unconstrained gauge superfield potentials. As 
a result, we are able to derive the superfield equations of motion which follow from the 
effective action (3.16). 

Recall that the superfield strengths (2.15) are expressed in terms on the non-analytic 
gauge prepotentials and V2 which, in turn, are related to the analytic ones by the 
zero-curvature equations (2.14). This is completely analogous to the N = 2 harmonic 
superspace approach [2] in which the chiral superfield strength W has a simple differential 
expression in terms of the non-analytic gauge prepotential V which, in turn, is related to 
the analytic gauge potential V'^'^ via the zero-curvature equation D'^'^V = D V^^ . 
The solution of this equation is known to be non-local with respect to the harmonic variables 
[39, 40] and to involve some harmonic distributions. In our case the solutions of (2.14) are 
also non-local in the harmonic variables, but we avoid using the harmonic distributions by 
representing the solutions of (2.14) in the pseudo-differential form, 

where 

— = 1 Yi^ADiDir, — = - y{--DiDir . (d.2) 

2 + 2 ^ ^' ' 2 + DlDl 2^^ 2 ^ ^' ^ ^ 

^ ^ n=0 ^ •J n=0 

The formal expressions (D.l) can be verified to obey (2.14) by making use of the commu- 
tation relations between the harmonic derivatives, 

[DlDl]=Sr, [DlDl] = S2, (D.3) 
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where 5*1 and 52 are commuting U(l) generators in the su(3) algebra of harmonic deriva- 
tives. The gauge potentials have the following charges with respect to these U(l) generators, 

51^2^ = '^Vi , S2Vi = 2Vi . (D.4) 

Combining (D.l) with (2.15), we obtain formal expressions of the superfield strengths in 
terms on the analytic gauge potentials, 

^ A^D^fj^fDj ^-^Vi , W23 = -{DsfDiDi ^-^Vi . (D.5) 

Using the equation (3.25) for the function H, one can easily compute the variation of 
the action (3.16), 

X-P " f ^^a3\j 6U)^'^UJ^'^U;23UJ23 , r\ 

dV = - dC{T{)du- „,,^ -nr^5 —^t^ + c.c. . (D.6) 

8 J ^^^^^ (1 + a;i2c3)(i +^12^3 +^23Cl)2 

Here we assume c*Cj = 1 for simplicity. Owing to (D.5), the variation of the superfield 
strength a)^^ can be expressed through the variation of the analytic gauge potential V2 , 

5^12 = _ 1 pi)2^2^2 L^^yi . (D.7) 

Then the equation of motion produced by the variation of the action (3.16) with respect 
to V2 reads 

« 1 r,2n2ml^2 ^^^^^23^23 . . 



5V^ 322 + DlDf ^ ' (l + wi2c3)(l + cDi2c3+aj23Ci)2 • 

Applying the tilde-conjugation to (D.8), one can obtain the second equation of motion 

5r/6vi. 

Note that the equation (D.8) and its conjugate should not be considered separately, 
but they should be added to the classical equations of motion associated with the original 
Chern-Simons type action of the Af = 3 gauge theory [3, 4]. Together they form the 
effective equations of motion up to the four-derivative order. 
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